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ABSTRACT
At a fixed halo mass, galaxy clusters with higher magnitude gaps have larger brightest central
galaxy (BCG) stellar masses. Recent studies have shown that by including the magnitude gap (mgap)
as a latent parameter in the stellar mass - halo mass (SMHM) relation, we can make more precise
measurements on the amplitude, slope, and intrinsic scatter. Using galaxy clusters from the Sloan
Digital Sky Survey, we measure the SMHM-mgap relation and its evolution out to z = 0.3. Using a
fixed comoving aperture of 100kpc to define the central galaxy’s stellar mass, we report statistically
significant negative evolution in the slope of the SMHM relation to z = 0.3 (> 3.5σ). The steepening
of the slope over the last 3.5 Gyrs can be explained by late-time merger activity at the cores of galaxy
clusters. We also find that the inferred slope depends on the aperture used to define the radial extent
of the central galaxy. At small radii (20kpc), the slope of the SMHM relation is shallow, indicating
that the core of the central galaxy is less related to the growth of the underlying host halo. By
including all of the central galaxy’s light within 100kpc, the slope reaches an asymptote at a value
consistent with recent high resolution hydrodynamical cosmology simulations.
Subject headings: galaxies: clusters: general – galaxies: elliptical and lenticular, cD – galaxies: evolu-
tion
1. INTRODUCTION
The stellar mass - halo mass (SMHM) relation is one of
the primary mechanisms used to quantify the galaxy-halo
connection. For clusters (log10(Mhalo/h
−1) ≥ 14.0), this
linear relation relates the stellar mass of the brightest
central galaxy (BCG) to the total halo mass, including
the dark matter. The inferred intrinsic scatter (σint)
associated with this relation can be used to constrain
the processes that quench star formation within galaxies
(Tinker 2017) as well as to characterize the growth of
their massive, underlying, dark matter halos (Gu et al.
2016).
BCGs, the stellar mass portion of the cluster-scale
SMHM relation, are massive, extended, luminous ellip-
tical galaxies that account for a significant fraction of
light emitted from their host clusters (Schombert 1986;
Jones et al. 2000; Lin & Mohr 2004; Bernardi et al. 2007;
Lauer et al. 2007; von der Linden et al. 2007; Aguerri
et al. 2011; Brough et al. 2011; Proctor et al. 2011; Har-
rison et al. 2012). Unlike other cluster members, their
unique location near the X-ray center of the cluster al-
lows their properties to correlate with that of their host
halo (Jones & Forman 1984; Rhee & Latour 1991; Lin
& Mohr 2004; Lauer et al. 2014). The current obser-
vational theory behind BCG formation is hierarchical
growth, where the stellar mass of the BCG grows pre-
dominantly through major and minor mergers, not via
in situ star formation. This theory is well supported by
state-of-the-art cosmological simulations which use semi-
empirical or semi-analytic prescriptions for the stellar
mass growth of central galaxies (e.g., Croton et al. 2006;
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De Lucia & Blaizot 2007; Guo et al. 2011; Tonini et al.
2012; Shankar et al. 2015).
One observational measurement intrinsically tied to
the stellar mass growth of the BCG is the magnitude
gap (mgap), the difference in the r-band magnitude be-
tween the BCG and either the 2nd (M12) or 4th (M14)
brightest cluster member within half of the radius which
encloses 200× the critical density of the universe (R200)
(Jones et al. 2003; Dariush et al. 2010). For the purpose
of this paper, we use the 4th brightest member. Based
on dissipationless simulations of young and pre-virialized
groups, Solanes et al. (2016) find that the stellar mass
of the central galaxy linearly increases with the num-
ber of progenitor galaxies, in agreement with hierarchi-
cal growth. Furthermore, BCGs grow at the expense of
the 2nd brightest galaxy. As the BCG merges with the
surrounding fainter galaxies, the stellar mass and mag-
nitude of the BCG increases, relative to the 2nd or 4th
brightest galaxy, increasing mgap. Therefore, mgap is a
latent third parameter in the cluster SMHM relation as
shown in Golden-Marx & Miller (2018).
Golden-Marx & Miller (2018) incorporate mgap by al-
tering the cluster-scale SMHM relation from
log10(M∗) = α+ βlog10(Mhalo), (1)
to
log10(M∗) = α+ βlog10(Mhalo) + γM14, (2)
where α is the offset, β is the slope, γ is the mgap stretch
parameter, and M14 is the selected mgap. These param-
eters are then measured for the SDSS-C4 cluster sam-
ple (log10(Mhalo/h
−1) ≥ 14.0) (Miller et al. 2005) with
caustic halo masses (Gifford et al. 2013) using a hierar-
chical Bayesian MCMC analysis. Incorporating γ into
the SMHM relation reduces the inferred intrinsic scatter
and inferred uncertainties on the amplitude and slope of
the SMHM relation (Golden-Marx & Miller 2018). The
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2stretch factor can also explain the discrepancy in the am-
plitude of previously published versions of the cluster
SMHM relation (e.g., Lin & Mohr 2004; Behroozi et al.
2013; Moster et al. 2013; Tinker et al. 2017; Kravtsov
et al. 2018).
BCGs grow hierarchically; therefore, the slope of the
SMHM relation may change over time because at higher
redshifts fewer mergers will have occurred and the stel-
lar mass of the BCG will be lower (Solanes et al. 2016).
Moreover, dark matter halos are thought to grow hier-
archically, as smaller subhalos merge with the cluster
halo over time, so the average halo mass should also de-
crease (Springel et al. 2005). Previous studies have in-
vestigated how the cluster SMHM relation evolves with
redshift (Behroozi et al. 2013; Moster et al. 2013; Oliva-
Altamirano et al. 2014; Gozaliasl et al. 2016; Zhang et al.
2016; Pillepich et al. 2018). Based on abundance match-
ing as a technique to infer halo masses, Behroozi et al.
(2013) and Moster et al. (2013) find that the slope evolves
by 40-50% from z=0.0 to z=1.0. Moster et al. (2013) find
moderate evolution out to just z=0.5. However, other
studies do not support such trends. Oliva-Altamirano
et al. (2014) use BCGs and Brightest Group Galaxies
from the Galaxy and Mass Assembly survey and find no
redshift evolution in the redshift range 0.1 < z < 0.3.
Gozaliasl et al. (2016) use a sample of X-ray selected
galaxy groups and find that the slope of the SMHM
relation does not change over the redshift range 0.1 <
z < 1.3. Additionally, Pillepich et al. (2018) use the Il-
lustris TNG300 cosmological hydrodynamical simulation
and report little change in the slope between z=0.0 and
z=1.0. In addition to the slope, the redshift evolution of
the intrinsic scatter has also been investigated (Gu et al.
2016; Matthee et al. 2017; Behroozi et al. 2018; Pillepich
et al. 2018). However, the results found in these works
are inconsistent with one another, and may depend on
the initial conditions of the simulations. Therefore, no
consensus exists on how either the SMHM relation’s slope
or intrinsic scatter evolve with redshift.
As noted above, by including mgap as a latent parame-
ter in the SMHM relation, the other parameters, such as
the slope can be measured with higher precision. Thus,
when searching for a redshift evolution component to the
SMHM relation, Equation 2 plays a critical role. One can
also allow for evolution in the stretch parameter itself,
which may provide information about the BCG merger
history and the fraction of stellar matter from major and
minor mergers that ends up as part of the intra-cluster
light (ICL) that surrounds the BCG.
The outline for the remainder of this paper is as follows.
In Section 2, we discuss the observational and simulated
data used to measure the stellar masses, halo masses,
and mgap values for our SMHM relation. In Section 3,
we describe the hierarchical Bayesian MCMC model that
we use to evaluate the redshift evolution of the SMHM
relation. In Section 4, we describe how we use the low-
redshift data to calibrate the higher redshift clusters and
their observational errors. In Section 5, we present our
results. In Section 6 we discuss our findings and con-
clude.
Except for the case of the simulated data, in which the
cosmological parameters are previously defined (Springel
et al. 2005), for our analysis, we assume a flat ΛCDM
universe, with ΩM=0.30, ΩΛ=0.70, H=100 h km/s/Mpc
with h=0.7.
2. DATA
Most of the observational sample used for this analy-
sis comes from the Sloan Digital Sky Surveys DR8 and
DR12 (Aihara et al. 2011; Alam et al. 2015). For the full
cluster sample, we combine the SDSS-C4 sample with
the redMaPPer sample (Miller et al. 2005; Golden-Marx
& Miller 2018; Rykoff et al. 2014). We use redMaPPer
v6.3 and the same SDSS-C4 sample from Golden-Marx
& Miller (2018). The SDSS-C4 cluster sample used in
Golden-Marx & Miller (2018) is highly complete from
0.03 ≤ z ≤ 0.1. The redMaPPer catalog has high com-
pleteness over the range 0.1 ≤ z ≤ 0.35 (Groenewald
et al. 2017). Since we are studying redshift evolution,
we want our final sample of clusters to cover the widest
redshift range possible. Therefore, we need to make mea-
surements of the halo masses, magnitude gaps, and BCG
stellar masses for the SDSS-C4 and redMaPPer clusters
in a homogeneous fashion.
2.1. redMaPPer mgap
The redMaPPer algorithm is a red-sequence-based
photometric cluster finding algorithm. The redMaP-
Per red sequence model was constructed using a sam-
ple of spectroscopically confirmed clusters. Using this
calibrated model, clusters are identified using luminos-
ity and radial filters. redMaPPer also assigns a mem-
bership probability for the cluster galaxies, Pmem, which
depends on the richness, cluster density profile, and back-
ground density. According to Rykoff et al. (2014), if
Pmem > 0.70 a galaxy should be considered a member.
These high-probability members are then used to esti-
mate photometric redshifts which we use in our Bayesian
MCMC analysis (Section 3.2). redMaPPer provides a
probability for being the central galaxy for the five most
likely candidate centrals. We identify the BCG as the
most likely of the central candidates.
Galaxy membership in the SDSS-C4 sample (Golden-
Marx & Miller 2018) differs from the redMaPPer sam-
ple due to color selection and sky apertures. SDSS-C4
cluster members are identified using individual cluster
red sequences in six distinct SDSS colors (u-g, g-r, g-i,
r-i, i-z, and r-z), which are fit using all potential clus-
ter member galaxies with an r-band magnitude brighter
than mr=19 within 0.5 Rvir of the BCG. Note that this
includes two additional colors compared to the SDSS-
C4 cluster-finding algorithm (Miller et al. 2005). Clus-
ter members are those galaxies that are simultaneously
within 3σ of the red sequence for the u-g, g-r, and g-i col-
ors and 2σ for the r-i, i-z, and r-z colors (Golden-Marx &
Miller 2018). The SDSS-C4 BCGs are identified as being
the brightest in the red-sequence and visually confirmed.
We choose to calibrate the redMaPPer magnitude gaps
to the SDSS-C4 magnitude gaps, where the 4th brightest
is chosen from within the red-sequence. In order to ac-
complish this, we need to homogenize the membership of
the clusters in color-magnitude space. As noted earlier,
redMaPPer membership depends on a specified proba-
bility threshold. We determine this Pmem threshold by
identifying 112 clusters found in both catalogs. For these
clusters, we match the density of galaxies within color-
magnitude space between the SDSS-C4 and redMaPPer
by adjusting the latter’s Pmem threshold. As we adjust
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Fig. 1.— The distribution of the Pmem values required to match
the number of cluster members brighter than r=18.0 in the SDSS-
C4 and redMaPPer baseline sample. The median value is Pmem =
0.984.
Pmem and the sky aperture size, we can raise or lower
the number of galaxies in the color-magnitude diagrams
of the redMaPPer clusters.
We use only galaxies within an estimate of 0.5 ×
Rvirial ∼ 0.5×R200. Although redMaPPer does not pro-
vide R200, we can approximate R200 using Equation 3
from Rykoff et al. (2014),
R200 ≈ 1.5Rc(λ) (3)
where λ is the redMaPPer cluster richness, and Rc is the
redMaPPer cutoff radius, given by
Rc(λ) = 1.0h
−1Mpc(λ/100)0.2. (4)
Figure 1 shows that a median value of Pmem = 0.984
matches the two membership definitions with good preci-
sion. Therfore, we apply this Pmem threshold when iden-
tifying cluster members used to determine mgap in the
SMHM relation for the redMaPPer sample. We note that
when we examine how the number of members changes as
a function of Pmem, we observe little change in the range
0.7 < Pmem < 0.9, but large decreases in membership at
Pmem > 0.9.
Before calculating mgap values and stellar masses, we
queried the SDSS DR12 (Alam et al. 2015) database to
obtain the SDSS radial light profile for each BCG. Un-
like in Golden-Marx & Miller (2018), we chose to use
the magnitude measured within 100 kpc instead of the
Petrosian magnitude for each BCG. The reason for this
choice is discussed in Section 4.1. To determine mgap, we
measured the difference between the k-corrected r-band
model magnitudes of the BCG and 4th brightest clus-
ter member. Applying our restrictive cluster member
criterion and using the model magnitudes we find good
agreement in the distribution of mgap values for the over-
lapping redMaPPer and SDSS-C4 clusters. We discuss
the errors on the magnitude gaps in Section 4.
2.2. redMaPPer Halo Mass
To determine halo masses for the redMaPPer sam-
ple, we use the mass-richness relation from Simet et al.
(2017), given by Equation 5:
Mhalo/(h
−1M) = 1014.344(λ/40)1.33 (5)
Here, λ is the standard redMaPPer richness, or galaxy
count as given in Rykoff et al. (2014). The minimum
redMaPPer richness we use is > 22, depending on the
minimum mass threshold applied.
In Golden-Marx & Miller (2018), we used individ-
ual dynamically inferred cluster masses from the caustic
technique (Gifford et al. 2013). However, to homogenize
the analysis between the low-z SDSS-C4 and redMaP-
Per clusters, we require a mass-richness relation for the
SDSS-C4 sample. For both samples, we need an estimate
of the intrinsic scatter in mass at a fixed richness. We
discuss this in Section 4.
2.3. Final redMaPPer Sample
We analyze the redshift evolution of the SMHM rela-
tion in two ways. First, we bin our sample by redshift
and determine the posteriors from our Bayesian MCMC
model for each bin with the redshift evolution parame-
ters set to 0.0. Second, we incorporate redshift evolution
using four additional parameters in Equation 2 and fit
against all of the redMaPPer clusters. For this analysis,
we look at the redshift range 0.10 ≤ z ≤ 0.30, where
redMaPPer is suggested to be most complete (Groe-
newald et al. 2017) and we have enough clusters for a
statistically significant sample.
The total sample of 941 redMaPPer clusters with stel-
lar masses measured out to 100kpc, with greater than 4
members with Pmem ≥ 0.984 within 0.5R200, and within
0.1 ≤ z ≤ 0.3 has no mass limit applied. However, we
do not expect the redMaPPer sample to have the same
lower mass-limit throughout this redshift range and we
must also check for magnitude gap incompleteness since
SDSS is a flux-limited survey.
Therefore, the redMaPPer sample was divided into 4
redshift bins, each initially with ∼ 235 clusters. For each
bin, as done in Golden-Marx & Miller (2018), we use
an mgap completeness analysis where we bin the abso-
lute magnitude of the BCG and 4th brightest member
against both apparent magnitude and mgap to determine
the apparent magnitude limit of the sample (a redshift
dependent limit) (Colless 1989; Garilli et al. 1999; La
Barbera et al. 2010; Trevisan et al. 2017; Golden-Marx
& Miller 2018). We apply this thresold to the sample.
To account for halo mass incompleteness, for each red-
shift bin, the halo mass distribution can be approximated
as a Gaussian, where the peak indicates the mass at
which the sample starts to become incomplete. Instead
of applying a model-dependent correction to the analy-
sis, we apply a lower halo mass cut where the amplitude
of the binned halo mass distribution decreases to 70% of
the peak value to ensure high completeness as a function
of redshift. This is a conservative choice which results
in a redMaPPer richness threshold of ∼ 22, well above
the detection limit for the redMaPPer algorithm. How-
ever, when combined with the mgap completeness anal-
ysis, these cuts shrink our available sample down to 790
clusters, a reduction of ∼ 16%. A slightly more restric-
tive (higher) halo mass lower limit has no effect on our
final results.
Since we study clusters out to z = 0.3 where the SDSS-
redMaPPer sample is volume-limited, we do not apply
any corrections for volume effects from Malmquist bias.
2.4. SDSS-C4 Sample and Richness-based Halo Masses
The SDSS-C4 clusters are nearly identical to those
used in Golden-Marx & Miller (2018). The samples dif-
4fer because the stellar masses are estimated, as described
in Section 2.5, within 100kpc, instead of within the Pet-
rosian radius. As noted before, we use a mass-richness
relation to infer the redMaPPer halo masses. Therefore
instead of the individual cluster dynamical masses, we
also use a mass-richness relation for the SDSS-C4 sam-
ple. For this analysis, we use only the clusters with clean
phase-spaces to ensure that our richness measurement
is meaningful and not strongly impacted by foreground
and background contamination. Given those individual
masses and the observed galaxy and background counts,
we make a preliminary constraint on the SDSS-C4 mass-
richness relation using techniques similar to Andreon &
Hurn (2010). We find
Mhalo/(h
−1M) = 1014.195(λC4/33.1)1.134 (6)
We note that the richnesses (λC4) for the SDSS-C4 sam-
ple are not calculated in the same was as in the redMaP-
Per richnesses. A more detailed analysis of the SDSS-C4
mass-richness relation will be presented elsewhere (Miller
et al. in preparation). Using this mass-richness relation,
we apply the mass limits of 14.0 ≤ log10(Mhalo) ≤ 14.7.
The upper limit was selected to eliminate Malmquist bias
in the low redshift (and small volume) sample. Overall,
these changes result in a sample of 142 clusters in this
mass range with clean richnesses that are used in this
analysis.
2.5. BCG Stellar Masses
Unlike in Golden-Marx & Miller (2018), we do not
use the Bell et al. (2003) M/L ratio to estimate stel-
lar mass because this relation is calibrated for z=0.0.
Instead we use the EzGal SED modeling software (Man-
cone & Gonzalez 2012) to estimate stellar mass. We note
that Golden-Marx & Miller (2018) found no differences
in their fits to the SMHM relation when using the EzGal-
based stellar masses versus the Bell et al. (2003)-based
stellar masses.
When estimating stellar masses using EzGal, we use
a Bruzual & Charlot (2003) stellar population synthesis
model, a Salpeter (1955) IMF, a formation redshift of
z = 4.9, and a constant metallicity of 0.4 z. We apply
a Bayesian MCMC approach, done in emcee (Foreman-
Mackey et al. 2013). We treat the absolute magnitude
(the normalization parameter selected for Ezgal) as a free
parameter, with a uniform prior, to determine the abso-
lute magnitude that corresponds to an EzGal SED with
g, r, and i band magnitudes measured at the observed
redshift of each of our BCGs that minimizes the chi-
squared between the SDSS g, r, and i band magnitudes
measured at 100 kpc and the EzGal model magnitudes.
We note that initially, metallicity was treated as a free
parameter. However, ≈ 99% had a minimum chi squared
when the metallicity of 0.4 z was chosen, so we removed
this free parameter. We justify the choice of an aperture
of 100kpc in Section 4.
In Golden-Marx & Miller (2018), we emphasized the
importance of correcting the BCG magnitudes because of
the SDSS background subtraction error (Bernardi et al.
2007; von der Linden et al. 2007; Harrison et al. 2012;
Bernardi et al. 2013). This correction is a strong function
of the apparent size of the galaxies and is especially prob-
lematic at the lowest redshifts. The BCGs in redMaPPer
are smaller in their apparent sizes and suffer much less
from the known issues of the background light subtrac-
tion compared to the SDSS-C4 sample (Bernardi et al.
2007; von der Linden et al. 2007; Harrison et al. 2012;
Golden-Marx & Miller 2018), so we do not need to re-
measure the BCG light profiles to correct for missed light
within the Petrosian radii of the BCGs and include addi-
tional uncertainties on the BCG stellar masses. Instead,
we use the stellar mass measured within a fixed and pre-
cise 100kpc radial extent, which results in a much smaller
uncertainty on the stellar masses. We estimate the stel-
lar mass errors to be 0.08 dex, which is consistent with
the suggestion from Bell et al. (2003). This is about half
the error used in Golden-Marx & Miller (2018), where
the precision in determining the Petrosian radius and
the induced error from the background correction play
dominant roles in the error budget.
2.6. Simulated Data
In addition to studying the evolution of the SMHM -
mgap relation in the SDSS-C4 and redMaPPer data, we
also analyze the same trend using the Guo et al. (2011)
prescription of the semi-analytic representations of low-
redshift clusters in the MILLENNIUM simulation. The
Guo et al. (2011) simulation box is analyzed at discreet
redshift bins. For this analysis, we look at the simula-
tion at redshifts of 0.089, 0.116, 0.144, 0.174, and 0.242,
the redshifts which best match our binned sample and
correspond to snapshot numbers 59, 58, 57, 56, and 54.
For the simulated data analysis we use the 3D informa-
tion provided directly from the Guo et al. (2011) prescrip-
tion of the MILLENNIUM simulation for each cluster,
which includes halo masses, measured within R200×ρcrit;
the galaxy positions, x, y, z; R200; the semi-analytic
stellar masses; and the magnitudes. To determine clus-
ter membership we use the positional information (x, y,
z) to determine if potential cluster members are within
0.5 R200. For those galaxies within this sphere, we iden-
tify those members within 2 standard deviations from
the red sequence as cluster members. M14 is then mea-
sured as the difference between the 4th brightest member
and BCG in the r-band. Since the BCG stellar masses
are provided by the Guo et al. (2011) prescription of
the MILLENNIUM simulation and we have access to the
entire simulation box, we do not apply a completeness
criteria to our simulated sample for each of the redshift
bins. However, to make our samples comparable, we ap-
ply the halo mass distribution function of the binned
SDSS-redMaPPer data to the simulation snapshot at the
corresponding redshift.
3. THE HIERARCHICAL BAYESIAN MODEL
We use a hierarchical Bayesian MCMC analysis to de-
termine the values of α, β, γ, σint, and the redshift evo-
lution parameters given in Equation 7. The Bayesian ap-
proach can be described as convolving prior information
for a given model with the likelihood of the observations
given the model to yield the probability of observing the
data given the model, or the posterior distribution up to
a normalization constant called the Bayesian evidence.
To generate the posterior distributions for each of the
parameters, our MCMC model generates values for the
observed stellar masses, halo masses, and mgap values
at each step in our likelihood analysis, which are then
5directly compared to the observed measurements. We
have modified our previous MCMC model (Golden-Marx
& Miller 2018) to improve the speed of convergence. This
is discussed below.
3.1. Bayesian Model incorporating Redshift evolution
3.1.1. The Observed Quantities
For our redshift evolution model, we use similar equa-
tions and relations to quantify the observed or measured
values for the halo mass and mgap and the same relation
for stellar mass as described in Golden-Marx & Miller
(2018). The log10 BCG stellar masses (y), log10 halo
masses (x), and M14 values (z) are modeled as being
drawn from Gaussian distributions with mean values (lo-
cations) taken from the observed data. The standard
deviations are the errors on each measurement and in-
clude an estimate of the observational uncertainty (σx0 ,
σy0 , σz0) and an additional stochastic component from a
beta function β(0.5, 100) (Golden-Marx & Miller 2018).
This allows for realistic uncertainty on the observational
errors and we treat these statistically in the Bayesian
model as free nuisance parameters σx, σy, and σz.
One modification that we have made to the likelihood
and prior from Golden-Marx & Miller (2018) is that we
no longer model the underlying halo mass and mgap dis-
tributions as coming from truncated Normal distribu-
tions. Instead, we use a simple Gaussian and allow the
values of halo masses for any given step of the trace to be
below our lower limit. However, the median halo mass of
each cluster generated in the MCMC chains still reflects
the halo mass lower limit listed in Table 3.
3.2. The Unobserved Quantities
The new version of this model incorporates redshift
evolution through parameters on α, β, γ, and σint . As
in Golden-Marx & Miller (2018), we are only concerned
with the cluster portion of the SMHM relation which is
modeled linearly; as such, equation 2 becomes:
yi = α(1 + zred)
n1 + (β(1 + zred)
n2)xi + (γ(1 + zred)
n3)zi
(7)
In Equation 7, zred is the photometric redshift deter-
mined via red sequence fitting from redMaPPer (Rykoff
et al. 2014) or the spectroscopic redshift for the SDSS-C4
clusters, not to be confused with z, the short-hand for
the mgap, M14. We assume a Gaussian likelihood form,
with an intrinsic scatter that can also evolve with red-
shift: σint(1 + zred)
n4 . The four parameters, n1, n2, n3,
and n4, measure the redshift evolution of α, β, γ, and
σint respectively. When we use this model for the redshift
binned sample described in Section 2.3, these parameters
are set to 0.0, which reduces Equation 7 to Equation 2.
This means that the zero redshift model used in Golden-
Marx & Miller (2018) is nested within this new model.
By using nested models, we can interpret how much bet-
ter a given model is (e.g., with redshift evolution versus
without) using only the posterior distribution.
Our Bayesian model regresses against the observed
stellar mass, halo mass, and mgap values simultaneously
and self-consistently. We treat parameters which model
the underlying distributions and their uncertanties as
nuisance parameters and we marginalize over them when
we present the posterior distributions in Section 5.1. All
of the parameters in the Bayesian analysis are presented
in Table 1 along with their priors. We discuss the strong
priors on the observed uncertainties in Section 4.
We can express the entire posterior as:
p(α, β, γ, σint, n1, n2, n3, n4, xi, zi, σyi , σxi , σzi) ∝
P (y0i|α, β, γ, σyi , n1, n2, n3, n4, σint, xi, zi) P (x0i|xi, σxi) P (z0i|zi, σzi)︸ ︷︷ ︸
likelihood
p(xi) p(zi) p(σxi) p(σyi) p(σzi) p(α) p(β) p(γ) p(σint) p(n1, n2, n3, n4)︸ ︷︷ ︸
priors
(8)
where each ith cluster is a component in the summed log
likelihood.
Like the model presented in Golden-Marx & Miller
(2018), this model is a hierarchical Bayes model because
the priors on the true halo masses and M14 values (xi
and zi) depend on models themselves (the observed halo
mass and observed M14 distributions).
4. CALIBRATION
For this paper, we study a larger sample out to a
higher redshift (z ≤ 0.3) than in the SDSS-C4 sample
(zmed = 0.086). The larger sample allows us to reduce
the statistical noise in the sample while the higher red-
shift allows us to search for late-time evolution in the
SMHM relation (i.e., in the last ∼ 3.5 billion years). Two
important trade-offs when using the bigger and deeper
redMaPPer data combined with the lower redshift SDSS-
C4 data is that we need to calibrate the observables (see
Section 2) and that we have less secure mean values of
the observational uncertainties, such as the the magni-
tude gaps and the halo masses.
4.1. Aperture Radius and the Slope of the SMHM
relation
Because we are studying redshift evolution, we need to
use a BCG aperture for the stellar masses that is unbi-
ased due to the decrease in apparent size and signal-to-
noise of the galaxies out to z = 0.3. Because we expect
very little physical growth in BCGs over this redshift
range, we choose a fixed kiloparsec (kpc) aperture.
Zhang et al. (2016), using the DES science verifica-
tion data, measure the slope of the SMHM relation at
6TABLE 1
Bayesian Analysis Parameters for the SDSS-redMaPPer Sample
Symbol Description Prior
α The offset of the SMHM relation U(-20,20)
β The high-mass power law slope Linear Regression Prior
γ The stretch parameter, which describes the stellar mass - M14 stratification Linear Regression Prior
σint The uncertainty in the intrinsic stellar mass at fixed halo mass U(0.0, 0.5)
yi The underlying distribution in stellar mass Equation 7
xi The underlying halo mass distribution N (14.28,0.222)
zi The underlying mgap distribution N (2.13,0.572)
n1 The power law associated with the redshift evolution of α U(−10.0, 10.0)
n2 The power law associated with the redshift evolution of β U(−10.0, 10.0)
n3 The power law associated with the redshift evolution of γ U(−10.0, 10.0)
n4 The power law associated with the redshift evolution of σint U(−20.0, 20.0)
σy0i The uncertainty between the observed stellar mass and intrinsic stellar mass distribution 0.08 dex
σx0i The uncertainty associated with the mass-richness relation 0.087 dex
σz0i The uncertainty between the underlying and observed halo mass distribution 0.15
TABLE 1 U(a, b) refers to a uniform distribution where a and b are the upper and lower limits. The linear regression prior is
of the form −1.5× log(1 + value2). N (a, b) refers to a Normal distribution with mean and variance of a and b. Additionally, we
note that for xi and zi, the means and widths given in this table are example values belonging to the the lowest redshift bin.
four different radial extents ranging from 15 to 60kpc
and detect a weak correlation (although their measure-
ments are all within 1σ), in which the stellar mass and
halo mass are more strongly correlated at larger aper-
ture radii, in agreement with observations of inside-out
galaxy growth (e.g., van Dokkum et al. 2010). We inves-
tigate this trend by re-integrating the SDSS light profiles
at fixed physical radii of 10, 20, 30, 40, 50, 60, 70, 80,
90, and 100kpc for the 189 SDSS-C4 clusters with ra-
dial extents greater than 100kpc from Golden-Marx &
Miller (2018) and measure the SMHM-mgap relation for
each radial extent. For each Bayesian MCMC analysis,
we use the same mgap, from the Petrosian magnitudes.
This analysis was performed using the Bayesian formal-
ism described in Section 3, with the redshift parameters
set to 0.0. Additionally, we do a second analysis where
we set γ to 0.0. The results of these analyses are shown
in Figure 2. For both analyses, we use the caustic halo
masses with reduced uncertainty.
The primary takeaway from Figure 2 is that the choice
of radial extent within which the stellar mass of the
BCG is measured significantly impacts the slope of the
SMHM relation. This new result confirms the sugges-
tion by Zhang et al. (2016) and suggests that the outer
halo of the BCG is indeed tied to the underlying parent
(cluster) halo. The trend with radial extent is impor-
tant because previously published SMHM relations often
state that their stellar masses are estimated within Kron
or Petrosian radii, which, unless the specific radial ex-
tents are provided, could lead to a biased comparison be-
tween published results, and an improper comparison be-
tween BCGs in large samples of central galaxies because
those radii are not fixed. Additionally, the slope of the
SMHM relation levels off around 80-100kpc, which shows
that beyond this radial extent, we gain no additional in-
formation. This result also agrees with the analysis of
Huang et al. (2018), who use Hyper Suprime Cam Sub-
aru Strategic Program (HSC SSP) observations of mas-
sive galaxies over the redshift range 0.3 < z < 0.5 and
find that the difference between the stellar mass within
100 kpc and the total stellar mass is on average ∼0.02
dex. Therefore, the stellar mass within a 100kpc aperture
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Fig. 2.— The slope of the SMHM relation as a function of the
BCGs radial extent, where mgap is incorporated (green) and when
it is not (purple). The results of Zhang et al. (2016) are shown
in red and yellow. The results from Pillepich et al. (2018) using
ILLUSTRIS TNG300 are shown in blue. For comparison, the slope
measurement from Golden-Marx & Miller (2018) is shown in black
with the gray bar. Measuring the stellar mass within a larger
radial extent steepens the slope of the SMHM relation because the
outer regions of BCGs are tied to the parent clusters. Additionally,
incorporating M14 also steepens the slope, which is expected if M14
is related to BCG growth.
accounts for the majority of the stellar mass in the BCG,
and leads to our selection of the 100kpc radial extent to
measure the stellar mass.
The second significant result is that we find statisti-
cally different slope values depending on whether we use
the latent mgap and its stretch parameter in the Bayesian
analysis. We found no significant difference in Golden-
Marx & Miller (2018), and we attribute this to the previ-
ous use of the Petrosian magnitudes in the stellar masses.
The Petrosian radius is an observed quantity which al-
lows a blending of the underlying physical apertures de-
pending on the BCG redshift. Therefore, not only does
using a small aperture lead to a shallower slope, the ab-
sence of accounting for the BCG’s assembly history, via
mgap, does as well.
At the largest radii, we find excellent agreement with
the results from the ILLUSTRIS TNG300 simulation
Pillepich et al. (2018). Unlike the Guo et al. (2011) semi-
analytic galaxy treatment, ILLUSTRIS TNG is a full
7hydrodynamic N-body simulation that contains the fol-
lowing astrophysical properties: gas cooling and photo-
ionization; star formation within an interstellar medium;
stellar evolution and feedback; and black holes with feed-
back.
4.2. Error Calibration
The deeper redMaPPer sample lacks good spectro-
scopic coverage, so we expect some issues with projec-
tion when measuring mgap. In Golden-Marx & Miller
(2018), we used σz0 = 0.1 dex as our uncertainty in
mgap, which is consistent with the 3D simulations for the
spectroscopically complete low redshift SDSS-C4 sample
and precision of our Petrosian magnitudes. We expect
a slightly larger σz0 for the redMaPPer sample because
the reduction of the photometric error in the BCG mag-
nitudes is offset by issues such as projection effects and
the Pmem criterion when determining mgap. However, we
need to determine a reasonable value to use for σz0 and
the redMaPPer sample in the Bayesian analysis.
In addition to the above issue, by employing a mass-
richness relation, the Bayesian analysis requires the scat-
ter in mass at fixed richness σ(M |λ). To date, this quan-
tity is not well constrained. Andreon (2015) report this
scatter to be as low as σ(lnM200|λ) < 0.05 dex at 90%
confidence. Rozo et al. (2015) find a larger scatter of
0.17−0.21, depending on what they assume for the intrin-
sic scatter in cluster SZ-based masses and its co-variance
with the observed richness.
We begin the error calibration on the SDSS-C4 mass-
richness scatter by conducting a simultaneous analysis of
the SDSS-C4 SMHM relation using both the individual
cluster caustic masses as well as the masses determined
from the SDSS-C4 mass-richness relation. Regardless of
the cluster mass used, we require the resultant parame-
ters of the SMHM to agree within 1σ. In this analysis,
we allow the caustic mass errors σ(M)data to be a free
parameter. The intrinsic scatter, σ(M |λ) is then con-
strained by the observed scatter in the mass-richness re-
lation: σ(M |λ)2obs = σ(M)2data + σ(M |λ)2intrinsic. With-
out the additional constraint of the SMHM relation, our
inferred σ(M |λ) would be fully degenerate with the un-
known true errors on the observational measurements.
However, the inclusion of the SMHM relation breaks this
degeneracy.
To ensure the completeness of the sample, we use
only the 128 clusters with log10(Mhalo/h
−1) > 14.0, re-
gardless of whether it is the dynamically-inferred caus-
tic mass or the richness-inferred mass. We find that
σ(lnM200|λC4) = 0.20+0.03−0.04 (where log10 and ln refer to
the log base 10 and natural log, respectively). At the
same time, we find that the simulation calibrated caustic
errors provided in Gifford et al. (2013) are over-estimated
by σ(lnM200) = 0.19, on average. We note that we could
have just chosen σ(lnM200|λ) = 0.20 (Rozo et al. 2015).
However, the joint mass-richness and SMHM relation
analysis suggests that σ(lnM200|λ) ' 0.20 is well mo-
tivated observationally. The full details of this analysis
are beyond the scope of this work and can be found in
Miller et al. (2019 - in prep). However, this analysis gives
us a purely data-inferred constraint on the appropriate
intrinsic mass-richness scatter to use for the SDSS-C4
sample.
We still need to estimate the intrinsic scatter in the
redMaPPer mass-richness relation, as well as uncertain-
ties in the magnitude gaps and the stellar masses for the
redMaPPer sample. We choose to calibrate the redMaP-
Per observational uncertainties, σx0 , σy0 and σz0 by defin-
ing a redMaPPer sub-sample which matches the SDSS-
C4 redshift distribution function (down to z = 0.081) and
apply the richness based mass limit log10(Mhalo/h
−1) ≥
14.0. With this new redMaPPer calibration sample de-
fined, we treat σx0 , σy0 and σz0 as nuisance parameters on
a coarse grid in the Bayesian analysis and solve for their
mean best values by requiring that the inferred slope,
amplitude, stretch parameter, and intrinsic scatter of the
redMaPPer calibration sample are within 1σ of the val-
ues found for the SDSS-C4 sample.
The posterior distributions for the calibration samples
are given in lines 2 and 3 of Table 3. We find good
agreement between the SDSS-C4 richness sample and the
redMaPPer calibration sample for α, β, and γ, and σint
when the stellar mass uncertainties are σy0 ' 0.08 dex,
the magnitude-gap uncertainties are σz0 ' 0.15 and the
inferred intrinsic scatter in the mass-richness relation is
σ(lnM200|λ) = 0.20, which corresponds to σx0 = 0.087
dex. The slope (β) and intrinsic scatter σint for the
redMaPPer and SDSS-C4 low-z calibration samples are
within 1σ of each other. The inferred stretch parameter
γ and offset α differ between SDSS-C4 and redMaPPer
by 1.5σ and the redMaPPer value for γ is closer to the
result presented for the caustic-based SDSS-C4 sample
in Golden-Marx & Miller (2018).
To match the results of the SDSS-C4 richness sam-
ple, we do adjust some measurement uncertainties from
the values used in Golden-Marx & Miller (2018) for the
SDSS-C4 sample. σy0 is the same for the SDSS-C4 and
SDSS-redMaPPer samples since we use the SDSS 100kpc
BCG magnitudes, estimated using EzGal (Mancone &
Gonzalez 2012), for both. However, this is a reduction
from what was used in Golden-Marx & Miller (2018),
which is due to our prior use of the von der Linden et al.
(2007) corrected Petrosian magnitudes, which add un-
certainty due to both the correction and identification of
the Petrosian radius. σz0 is slightly larger, at 0.15 for
the redMaPPer data due to our concerns about projec-
tion effects and our high Pmem criterion. Most impor-
tantly, σx0 is the same for the SDSS-C4 richness sample
and the redMaPPer calibration sample, which highlights
that despite using different mass-richness relations, the
uncertainty associated with this mass estimate is rela-
tively constant.
The above error calibration provides us with estimates
of the uncertainties on the observables. The values we
obtain are reasonable and in agreement with expecta-
tions. We do not have good estimates on the errors on
these uncertainties in the observables. However, it is im-
portant to recall that Equation 8 does allow for uncer-
tainty in the observed errors. So while we set an initial
mean value using the techniques described in this subsec-
tion (i.e., σx0 , σy0 , σz0), the observational errors applied
in the Bayesian analysis are actually free (nuisance) pa-
rameters.
We make a final note that the subset used to calibrate
the observable errors in the redshift overlap range be-
tween the SDSS-C4 and redMaPPer samples is different
from the matched SDSS-C4/redMaPPer sample used to
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Fig. 3.— The SMHM relation for the redMaPPer clusters binned
via M14 measurements. As in Golden-Marx & Miller (2018), we see
that a stellar mass - mgap stratification exists at higher redshifts.
The black cross represents the error in halo mass, 0.087 dex, and
stellar mass, 0.08 dex.
calibrate the redMaPPer membership probability thresh-
old. These two redMaPPer sub-samples each serve their
own purposes and they differ to maximize the amount
of usable data. However, once the errors are calibrated
between SDSS-C4 and redMaPPer, we can use all of the
available redMaPPer data in the final analysis which is
over a redshift range 0.03 ≤ z ≤ 0.3. Without this cali-
bration, there could be underlying and unaccounted sys-
tematic uncertainties between the two baseline samples
which would cloud the statistical inference.
5. RESULTS
5.1. redMaPPer Results
In this section, we present the qualitative and quanti-
tative results from our analysis of the redMaPPer data.
We highlight the qualitative results of this study in Fig-
ure 3, which shows the stellar masses estimated using Ez-
Gal (Mancone & Gonzalez 2012) plotted against the halo
masses, estimated using the Simet et al. (2017) mass-
richness relation. In addition, we include the 142 rich-
ness selected SDSS-C4 clusters in this analysis, bringing
our total sample to 932 clusters. The colorbar is based
on the M14 values for the these clusters.
The data shown in Figure 3 encompasses the redshift
range 0.03 ≤ z ≤ 0.30. Therefore, the stratification ob-
served in our low-redshift SDSS-C4 sample continues to
exist at higher redshifts than observed in Golden-Marx &
Miller (2018). Furthermore, although not shown, when
the sample is binned by redshift, the stellar mass - M14
stratification exists, such that at fixed halo mass, as
the stellar mass increases, M14 increases. Although not
shown, a similar stratification exists in the Guo et al.
(2011) prescription of the MILLENNIUM simulation at
each of the discrete redshift snapshots discussed in Sec-
tion 2.6.
We evaluate the impact of incorporating mgap and red-
shift into the SMHM relation using our previously de-
scribed MCMC model (Section 3), Bayesian formalism,
and linear SMHM relation (Equation 7). In Figure 4,
we present a triangle plot which shows the 1D and 2D
posterior distributions for each of the eight parameters,
α, β, γ, n1, n2, n3, n4, and σint. For this analysis, as
well as the initial calibration analysis, we shifted the x
and y axis in order to eliminate the covariance between
α and β. To do this, we subtracted the median values of
the halo mass and stellar mass of the SDSS-C4 richness
sample: (xmed = 14.30 and ymed = 11.80). The poste-
rior results, as well as the posterior results when mgap
is not included, are presented in Table 2. The difference
between these will be discussed in Section 6.
In Figure 4, excluding the original parameters and
their associated redshift evolution parameters, only a few
pairs of parameters are strongly covariant: α, and γ, α
and n3, γ and n1, and n1 and n3. We note that α and γ
are now covariant because of the shifted axis, resulting
in the location of α corresponding to where M14=0.0.
Figure 4 illustrates that the primary results presented in
Golden-Marx & Miller (2018) still hold true; γ is defini-
tively non-zero and σint is on the order of 0.1 dex (when
mgap is incorporated, we find that the intrinsic scatter de-
creases by ∼ 0.04 dex, a reduction of ≈ 30%). We note
that the error bars on the redMaPPer values are simi-
lar to those presented in Golden-Marx & Miller (2018)
because of the addition of the redshift evolution param-
eters.
The most important takeaway from Figure 4 is the sig-
nificance of the redshift evolution parameter, n2, which
is definitively non-zero. n1 and n3 are within 1σ of 0.0,
while n4 is slightly greater than 1σ from 0.0. n2 is also
the most interesting parameter because there is no co-
variance between n2 and any parameter other than β,
which signifies that for the first time, we detect statisti-
cally significant (> 3.5σ) redshift evolution in the slope
of the SMHM relation. To improve our understanding of
our measurements of the redshift evolution of α and γ, we
will need to eliminate the covariance between these two
parameters, without re-introducing a covariance with β.
Although not shown, it is worth noting that for α, β,
and σint, if we do not incorporate the C4-richness data,
we get very similar results, which are all within 1σ for
both the measured parameters and the associated red-
shift evolution parameters. However, we do get some-
what stronger evolution in α and γ, but still not statis-
tically significant.
5.2. Comparison to Simulations and Binned Results
Here, we compare the trends shown for the binned
SDSS-redMaPPer clusters to those measured in the Guo
et al. (2011) prescription of the MILLENNIUM simula-
tion. The results for each of the measured parameters,
α, β, γ, and σint are presented in Table 3. For a more ac-
curate comparison, the Guo et al. (2011) measurements
are taken on data samples described in Section 2.6. Due
to the limits of the Guo et al. (2011) prescription of the
MILLENNIUM simulation, using this halo mass distri-
bution function from the SDSS-redMaPPer data signifi-
cantly decreases the number of available clusters, partic-
ularly in the higher redshift simulation boxes, resulting
in larger posterior uncertainties on the higher redshift
measurements. To illustrate the trends we observe in
Tables 2 and 3, in Figures 5, 6, 7, and 8, we present
the redshift evolution of the offset, slope, stretch factor,
and intrinsic scatter respectively given by the posterior
distributions shown in Figure 4.
Figure 6 illustrates that our redshift dependent
Bayesian MCMC model finds that the slope of the
SMHM relation decreases with increasing redshift for
the SDSS-redMaPPer clusters. In contrast, Figures 5, 7,
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Fig. 4.— The posterior distribution for α, β, γ, n1, n2, n3, n4, and σint. As in Golden-Marx & Miller (2018), we see that γ is significantly
non-zero and σint is approximately 0.1 dex. We note that the posteriors measured here are extrapolations out to redshift=0.0. To see the
values at the redshifts measured in our study, see Figures 5, 6, 7, and 8. The redshift parameter n2 is the only parameter that is significantly
non-zero. Therefore, some, albeit weak, redshift evolution in the slope of the SMHM relation can be detected over 0.03 ≤ z ≤ 0.3.
TABLE 2
Posterior Distribution Results with Redshift Evolution
Data α β γ σint n1 n2 n3 n4
with M14 -0.37 +0.05−0.06 0.75
+0.15
−0.12 0.15± 0.02 0.099 +0.016−0.014 -0.49 +0.94−0.95 -4.64 +1.23−0.130 -0.30 +0.86−0.085 -1.11 +0.98−1.00
without M14 0.10 +0.03−0.02 0.37
+0.12
−0.09 0.137
+0.015
−0.013 2.10
+1.86
−1.87 -1.98
+1.68
−1.79 0.46
+0.66
−0.67
TABLE 2 These two analyses use the same data. The only difference is that the second model does not account for mgap.
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TABLE 3
Posterior Distribution Results
Data zmin zmax log10(Mhalo)min nclusters α β γ σint
Golden-Marx & Miller (2018) 0.030 0.151 14.0 236 3.13 ± 2.09 0.56 ± 0.15 0.173 ± 0.022 0.085 ± 0.024
SDSS-C4 Richness 0.030 0.146 14.0 142 −0.29± 0.05 0.51 ± 0.09 0.122 ± 0.020 0.101 ± 0.012
redMaPPer calibration 0.081 0.146 14.0 70 −0.42± 0.06 0.46± 0.11 0.189 ± 0.025 0.088 ± 0.016
redMaPPer 0.101 0.140 14.00 198 −0.39± 0.04 0.45± 0.05 0.174± 0.017 0.080± 0.009
redMaPPer 0.140 0.172 14.08 203 −0.37± 0.03 0.41± 0.05 0.163± 0.013 0.081± 0.009
redMaPPer 0.172 0.211 14.17 190 −0.31± 0.03 0.29± 0.06 0.129± 0.015 0.085± 0.009
redMaPPer 0.211 0.300 14.40 199 −0.39± 0.04 0.37± 0.06 0.150± 0.013 0.077± 0.009
Guo et al. (2011) 0.089 0.089 14.00 815 −0.70± 0.01 0.44± 0.02 0.223± 0.006 0.098± 0.002
Guo et al. (2011) 0.116 0.116 14.00 290 −0.75± 0.02 0.43± 0.02 0.245± 0.010 0.094± 0.004
Guo et al. (2011) 0.144 0.144 14.08 276 −0.69± 0.02 0.45± 0.03 0.220± 0.010 0.095± 0.004
Guo et al. (2011) 0.175 0.175 14.16 184 −0.64± 0.04 0.39± 0.04 0.198± 0.012 0.091± 0.005
Guo et al. (2011) 0.242 0.242 14.40 38 −0.68± 0.08 0.30± 0.11 0.231± 0.031 0.104± 0.013
TABLE 3 The Guo et al. (2011) data has the same zmin and zmax because these are data analyzed at individual snapshots, not data from
a lightcone.
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Fig. 5.— The binned offsets and respective error bars are plot-
ted as a function of redshift for the SDSS-redMaPPer binned and
calibration samples, SDSS-C4 richness sample, and the Guo et al.
(2011) prescription of the MILLENNIUM simulation. The green
line represents the redshift evolution suggested from the posterior
results presented in Figure 4. The green shaded region represents
the combined total error from uncertainty on n1 and α. We note
that since this is an offset, we add 0.35 to the values of α so that
the trend between how α changes in the observed and simulated
data can be easily compared. This comparison highlights that the
offset of the SMHM relation does not evolve over the redshift range
0.03 ≤ zred ≤ 0.3.
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Fig. 6.— The binned slopes and respective error bars are plot-
ted as a function of redshift for the SDSS-redMaPPer binned and
calibration samples and the Guo et al. (2011) prescription of the
MILLENNIUM simulation. The green line represents the redshift
evolution suggested from the posterior results presented in Fig-
ure 4. The green shaded region represents the combined total er-
ror from uncertainty on n2 and β. This comparison highlights that
the slope of the SMHM relation evolves over the redshift range
0.03 ≤ zred ≤ 0.3.
and 8 illustrate that using our Bayesian MCMC model,
we observe either no or weak redshift evolution in the
amplitude, mgap stretch parameter, and intrinsic scat-
ter as you move towards higher redshifts. Additionally,
the lack of redshift evolution in α agrees with the re-
sults of Zhang et al. (2016). Interestingly, when the
binned SDSS-redMaPPer data (blue points) for each of
the four measured parameters is compared to the Guo
et al. (2011) MILLENNIUM simulation measurements,
we see similar trends in how each parameter varies as a
function of redshift. Since the Guo et al. (2011) prescrip-
tion of the MILLENNIUM simulation is modeled to look
like the SDSS observational data, this is likely an artifact
of the semi-analytic modeling. We discuss the meaning
of these redshift evolution parameters in the context of
hierarchical growth in Section 6.
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Fig. 7.— The binned stretch factors and respective error bars are
plotted as a function of redshift for the SDSS-redMaPPer binned
and calibration samples, SDSS-C4 richness sample, and Guo et al.
(2011) prescription of the MILLENNIUM simulation. The green
line represents the redshift evolution suggested from the posterior
results presented in Figure 4. The green shaded region represents
the total error incorporating both the uncertainty on n3 and γ.
This trend highlights that there is no redshift evolution in γ in this
redshift range.
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Fig. 8.— The binned stretch factors and respective error bars are
plotted as a function of redshift for the SDSS-redMaPPer binned
and calibration samples and Guo et al. (2011) prescription of the
MILLENNIUM simulation. The green line represents the redshift
evolution suggested from the posterior results presented in Fig-
ure 4. The green shaded region represents the total error incorpo-
rating both the uncertainty on n4 and σint. This trend highlights
that there is weak redshift evolution in σint.
5.3. Comparison to Golden-Marx & Miller 2018 results
The use of the richness-based masses compared to
caustic-based masses reduced the uncertainties on the
SMHM parameters, even for the smaller sample size. The
offset α is different from Golden-Marx & Miller (2018)
because we are now using a different method to estimate
stellar mass, as discussed earlier, and because we have
offset the axes by subtracting the median values of the
stellar mass and halo mass. The slope (β) and the in-
trinsic scatter (σint) are statistically the same (within
1σ). The inferred stretch parameter γ is smaller (by
∼ 1.5σ) in the richness-based SDSS-C4 SMHM relation,
but still significantly non-zero. Therefore, the conclu-
sions from Golden-Marx & Miller (2018) hold when we
switch from using richness-based masses for the SDSS-C4
sample. The measured posteriors for the entire SDSS-C4
richness sample (containing 142 clusters) can be found in
Table 3 and agree with the posteriors for the calibration
sample containing 128 clusters.
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6. DISCUSSION
The change of the slope and σint of the SMHM rela-
tion can tell us about the hierarchical growth of central
galaxies. In semi-analytic models, some researchers find
stellar mass growth in BCGs at late times. De Lucia &
Blaizot (2007) find that between z = 0.5 and z = 0.0,
the stellar mass of the BCG increases by a factor of 2.
Shankar et al. (2015) find a growth factor of 1.5. Guo
et al. (2011) measure an increase of a factor of 1.9 and
one can see the effect of this BCG growth on the slope of
the SMHM in Figure 6, which decreases by ∼ 30% out
to z = 0.3.
In this work, we extended our study of the cluster-
scale SMHM relation to zred = 0.3. By incorporating
the stretch parameter and mgap we reduce the intrinsic
scatter and uncertainty on the slope in the SMHM rela-
tion allowing us to observe redshift evolution. As shown
in Table 2, when mgap information is not incorporated,
we measure a much weaker redshift evolution parame-
ter, n2, for the slope. Instead of a > 3.5σ detection, we
measure a < 1.5σ detection for n2. Therefore, it is only
when incorporating mgap, that we are able to see that
the slope of the SMHM relation evolves over the redshift
range 0.03 ≤ z ≤ 0.3. Thus, there is in fact an impact of
the environment on the SMHM relation.
One can interpret the observed redshift evolution in
the slope of the SMHM relation in the context of the
Gu et al. (2016) results. When BCG’s grow hierarchi-
cally, their stellar mass increases due to major and mi-
nor mergers. Gu et al. (2016) suggest that the steepness
of the SMHM slope is related to the intrinsic scatter in
the SMHM relation, such that an increase in the intrinsic
scatter corresponds to an increase in the slope. Gu et al.
(2016) postulate that the slope and scatter are tied to the
progenitor history of the BCG such that a wider range
of progenitor galaxies yield a steeper slope and a larger
scatter. Additionally, a steeper SMHM relation results
from a growth history where minor mergers dominate
over major mergers.
In Figure 6, the Guo et al. (2011) SAMs show a sim-
ilar decrease in the slope over the redshift range 0.03 ≤
z ≤ 0.3. The similarity in this trend between the ob-
servations and simulations is interesting because other
observational results do not find a similar result (Oliva-
Altamirano et al. 2014; Gozaliasl et al. 2016). This dis-
crepancy was previously justified because the continued
growth in simulations is in the stellar mass of the cen-
tral core of the BCGs and not in the outer portion of
the BCG’s envelope, the ICL (Zhang et al. 2016), as is
observed by Burke et al. (2015). However, by compar-
ing the stellar masses measured within a radial extent
of 100kpc, we are not analyzing the inner profile of the
BCG, which is relatively constant over this redshift range
(van Dokkum et al. 2010), instead we are incorporating
much of the radial regimes which have previously been
treated as ICL. Therefore, the novelty of our detection
of redshift evolution over this redshift range likely results
from both our choice to measure the BCG stellar mass
within such a large radial extent, which incorporates the
radial regions where BCGs are actively growing, and the
incorporation of mgap, as previously described.
Our results also allow us to comment on the absence
of a trend in evolution of the mgap stretch parameter
over this redshift range, shown in Figure 7. This can
be interpreted as meaning that with respect to stellar
mass, mgap is constant. The lack of redshift evolution
of γ in our data is expected because even though mgap
and stellar mass growth are correlated, since our stellar
mass measurement accounts for the outer portion of the
BCG, it likely accounts for any recent merger material
which may change either mgap or the stellar mass. If γ
were to decrease with redshift, it means that as we move
forward in time, mgap increases with respect to the stellar
mass. This would occur if the BCGs were to have mergers
with brighter galaxies in the given redshift range and the
resulting additional mass were to go predominately to
stellar mass located in the outer envelope of the BCGs
(in our case at radii greater than 100kpc). However,
while the stellar material from a merger may go to the
ICL, major mergers involving the brightest galaxies are
not common for BCGs in this redshift range (Burke et al.
2015).
Since the growth in mgap depends on the BCG growth
(Solanes et al. 2016), our results suggest that mgap val-
ues for BCGs at z ≈ 1 would be much lower (although
γ may not change). Furthermore, if in fact both stel-
lar mass and mgap continue to decrease at these higher
redshifts, in agreement with hierarchical growth, then
we may be able to enhance this analysis and better con-
strain the higher redshift evolution of the parameters of
our SMHM relation if we extend our analysis out to red-
shifts of z ≥ 0.5. This can be tested in simulations us-
ing current SAMs which follow the growth history of the
BCG (e.g., Guo et al. 2011), where SAMs have better
agreement with observations (e.g., Lidman et al. 2012;
Lin et al. 2013).
The observational challenge of extending our analysis
of the SMHM-mgap relation out to higher redshifts is
to acquire good spectroscopic coverage for each cluster,
again understand the additional systematic errors which
increase the error associated with the photometric data
used in each of the observed measurements in our SMHM
relation, as well as to have deep enough photometry to
measure the BCG light profiles out to large radial ex-
tents.
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